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Abstract. In this study, we analyze the general canal surfaces in terms of 
the features fiat, Il-flat minimality and II-minimality, namely we study under 
which conditions the first and second Gauss and mean curvature vanishes, 
i.e. K = 0, H = 0, Kji = and Hjj = 0. We give a non-existence result for 
general canal surfaces in E 3 with vanishing the curvatures K, H, Kjj and Hjj 
except the cylinder and cone. We classify the general canal surfaces for which 
are degenerate according to their radiuses. Finally we obtain that there are 
no flat, minimal, II-fiat and II-minimal general canal surfaces in the Euclidean 
3-spacc such that the center curve has non-zero curvatures. 



1. Introduction 

For many years, surface theory has been a popular topic for many researchers in 
many aspects. Besides the using curves and surfaces, canal surfaces are the most 
popular in computer aided geometric design such that designing models of internal 
and external organs, preparing of terrain-infrastructures, constructing of blending 
surfaces, reconstructing of shape, robotic path planning, etc. (see, [TJ [6j [T] ) . The 
knowledge of first fundamental form I and second fundamental form II of a surface 
facilitates the analysis and the classification of surface shape. Especially recent 
years, the geometry of the second fundamental form II has become an important 
issue in terms of investigating intrinsic and extrinsic geometric properties of the 
surfaces. Very recent results concerning the curvature properties associated to II 
and other variational aspects can be found in [5]. One may associate to such a 
surface M geometrical objects measured by means of its second fundamental form, 
as second mean curvature Hu and second Gaussian curvature Ku, respectively. 
We are able to compute Ku and Hjj of a surface by replacing the components of 
the first fundamental form E, F, G by the components of the second fundamental 
form e, /, g respectively in Brioschi formula which is given by Francesco Brioschi in 
the years of 1800's. 

In this study, we investigated the flat, Il-flat, minimal and II-minimal canal 
surfaces in IR 3 by obtaining the curvatures K, H, Kjj and Hjj. 
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Let M be a surface immersed in Euclidean 3-space, the first fundamental form 
I of the surface M is defined by 

I = Edu 2 + 2Fdudv + Gdv 2 

where E =< M s , M s >, F =< M s , M t >, G =< M t , M t > are the coefficients of I. 
A surface is called degenerate if it has the degenerate first fundamental form. The 
second fundamental form II of M is given by 

II = edu 2 + 2fdudv + gdv 2 

where e = (M ss , n), f = (M st , n), g = (M tt , n) and n is the unit normal of M . The 
Gaussian curvature K and the mean curvature H are given by, respectively 

eg-f 2 



(1.1) K = 

(1.2) H = 



EG-F 2 ' 
Eg - 2Ff + Ge 



2(EG-F 2 ) ' 

A regular surface is flat if and only if its Gaussian curvature vanishes identically. 
A minimal surface in IR 3 is a regular surface for which mean curvature vanishes 
identically [2], 

Furthermore, the second Gaussian curvature Kn of a surface is defined by 



K„ . 1 
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(1.3) 



Similar to the variational characterization of the mean curvature H, the curvature 
of the second fundamental form, denoted by Hu is introduced as a measure for 
the rate of change of the II area under a normal deformation. For details see [3] . 
A surface is called II-flat if the second Gaussian curvature vanishes identically [S]. 
Having in mind the usual technique for computing the second mean curvature by 
using the normal variation of the area functional one gets 

(1.4) H II = H 1 V A (V|det/J|L^ A 

where u l and v? stand for "s" and "f, respectively, and (L^) — (Lij)~~ , where Lij 
are the coefficients of second fundamental forms [3] ■ A surface is called II-minimal 
if the second mean curvature vanishes identically [8]. 

A general canal surface is an envelope of a 1-parameter family of surface. The 
envelope of a 1-parameter family s — > S 2 (s) of spheres in IR 3 is called a general 
canal surface^.. The curve formed by the centers of the spheres is called center 
curve of the canal surface. The radius of general canal surface is the function r 
such that r(s) is the radius of the sphere S 2 (s) . Suppose that the center curve of 
a canal surface is a unit speed curve a : I — > IR 3 . Then the general canal surface 
can be parametrized by the formula 



(1.5) C (s, t) = a (s) - R (s) T - Q (s) cos (t) N + Q (s) sin (t) B 
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where 

(1.6) R(s) = r(s)r'(s) 



(1.7) Q(s) =±r(s)^/l~r'(s) 2 . 

All the tubes and the surfaces of revolution are subclass of the general canal surface. 

Theorem 1. The center curve of a canal surface M is a straight line if and only 
if M is a surface of revolution for which no normal line to the surface is parallel o 
the axis of revolution [2] . 

Theorem 2. The following conditions are equivalent for a canal surface M: 

i. M is a tube parametrized by i U.5j) : 

ii. the radius of M is constant; 

Hi. the radius vector of each sphere in family that defines the canal surface M 
meets the center curve orthogonally [2]. 

Coefficients of first and second fundamental forms of canal surface are 

E = Q V cos 2 (t) + (2Q - 2QR' + 2Q'R) k cos (t) 

+2QRnTsm(t) + Q 2 t 2 + (Q'f + R 2 n 2 + 1-2R'+ (R'f 

F = -Q (Rk sin(t) + Qt) 

G = Q 2 



EG-F 2 = Q 2 



k 2 (R 2 + Q 2 ) cos 2 (f) + 2k {Q'R - QR' + Q) cos (t) 



-1 - 2R' + (R'f + {Q'f 



(1.8) 
and 



-L f Q 2 k 2 cos 2 (t) + (2RQ' -2QR' + Q) k cos (t) 
C ~ r \ -QQ" + R 2 n 2 - RR" + Q 2 t 2 + 2RQKTsin(t) 

f = - {Q (RKsin(t) + Qt)} 
r 

-Q 2 

.9 = ■ 

r 

If Q(s) = then first and second fundamental forms are degenerate so the canal 
surface is degenerate surface and the radius is r(s) — ±s + c. Furthermore, in the 
case k(s) = and 1 - 2R' + (R'f + (Q'f = 0, the radius is 



r(s) = y/s 2 - 2 Cl s + 2c 2 . 

Let center curve be a(s) — (s,0, 0) then T = e\, N = e% and B = 63. Thus 
R (s) — s — c\ so C (s, t) is the curve in the plane x = c%. The necessary conditions 
are r(s) ^ ±s + c and r(s) 7^ \J s 2 — 2c\s + 2c 2 for n(s) = to define a surface of 
the equation (|1.6j) . At this point, we can write the following theorem. 

Theorem 3. Let M be a canal surface with the center curve a(s) and the radius 
r(s). Then M is a regular surface in IR 3 if the radius is r(s) ^ ±s + c and r(s) ^ 
Vs 2 — 2c\s + 2c2 for k(s) = 0. 

Additionally, if eg — f 2 = then M has degenerate second fundamental form. A 
canal surface has degenerate second fundamental form if canal surface is a surface 
of revolution and r(s) = \/s 2 — 2c\s + 2c 2 or r(s) = c\s + c 2 . 
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K(s.t) 



2. Specific Curvatures of General Canal Surfaces 

In this section, we obtained the curvatures K, H, Ku and Hu of canal surface in 
IR 3 by using ([L~T]) . ([I~2]) . (TO)) , (TO)) and we investigated the conditions for K = 0, 
H = 0, Ku = and .Hjj = 0. From we obtained the Gauss curvature a 

polynomial expression in cos(i) such that 

Q 2 f k 2 (i? 2 + Q 2 ) cos 2 (t) + k (2Q'R — 2QR' + Q) cos (t) 
r 2 (EG — F 2 ) \ - + QQ") 

(2.1) 

The condition for vanishing Gaussian curvature requires all the coefficients are zero. 
Let M be a non-degenerate canal surface with the center curve a(s) and the radius 
r(s) so Q(s) 7^ 0. It can be casly to see that center curve has to be a line by using 
(|2.ip and more 

RR" + QQ" = 

must be satisfy. Following differential equation can be obtained from (|1.6p and 

on 



o. 



(2.2) r"(s) {r(s)r"(s) + (r'(s)) 2 - l} 

The solution are r(s) = c ^ and r(s) = c\s + c 2 , |ci| < 1. Thus (|1.6p turns to 
the cylinder 

C (s, t) — (s, =Fccos (t) , ztcsin (t)) 

and the cone 

C (s, t) = (ps - cic 2 , T (cis + c 2 ) Vpcos (t) , =p (c%s + c 2 )y/psm (t)) 

where p = 1 — (ci) 2 respectively, by assuming the center curve is the x— axis. Hence 
we can state the following theorem in the case k(s) = 0, Q(s) ^ 0. 

Theorem 4. Let M be a canal surface with the center curve a(s) and the radius 
r(s) then M is a non- degenerate flat canal surface if M is either a cylinder or a 
cone. 



As in Gaussian curvature, from (|1.2[) . we obtained the mean curvature in a 
polynomial expression of cos (t) such that 

2k 2 (Q 2 + R 2 ) cos 2 (t) + k (4 (Q'R - QR') + 3Q) cos (t) 



Y2 



H 



2r {EG — F 2 ) \ + {R'f + {Q'f - 2R' - RR" - QQ" + 1 
(2.3) 

The condition for minimality requires all the coefficients of cos (t) are zero in 
Thus we obtaine k = and 

(2.4) {R'f + (Q'f - 2R' - RR" - QQ" + 1 = 

so we have the following differential equation by using (jl.6[) . (|1.7I) and (|2.4I) 



(r(s)r"(s) + (r'(s)f - l) (2r(s)r"(s) + (r'(s)) 



J 1 ) = 0. 



The only reel solution is r(s) = \/ s 2 — 2c\s + 2c 2 . At this point, we can state the 
following theorem. 

Theorem 5. Let M be a canal surface with the center curve a(s) and the radius 
r(s) then there are no non-degenerate minimal canal surfaces in IR 3 . 
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We obtained the mean curvature by using ()1.3[) . in a polynomial expression of 
cos(t) such that 



(2.5) 



K n (s,t) 



4 



4r 5 {eg _ /2) Z_. 



rii cos 1 (t) 



where the coefficients n,- are 



n 



(2.6) 



(2.7) 



»2 



(2.8) 



-'- iQ(R'f K 2 r 2 



-Qn 2 r 2 + AQR'n 2 r 

-2QQ'Q"'r 2 - 4Q 2 Q"K 2 r 2 - 2Qi?i?" (r') 
-2Q'R'R"r 2 + 2Q'RR"'r 2 - AQ"RR"r 2 - QRrr'n 2 



Q 2 Q"'rr' 
2Q 2 Q"rr" + 2QRR"rr 



2Q'Rn 2 r 

2 , n/WZr,!! 



AQ'RR'n 2 r 



"rr" 

/„2„2 



-2QRR'rr'n 2 - 2Q'R 2 rr'n 2 - AQ (Q") 2 r 2 + 2 (Q')* Q"r 2 + 2Q'RR"rr' 



-2Q 2 Q" (r') 



'Q"rr' - QR'R"rr' - QRR"'rr' - AQRR"n 2 



(aQQ"R + 4i? 2 i?" + 2QQ' + 4 (Q'f # - ±QQ'R' 
-Q (2QR' -Q- 2Q'R) rr' 



sin(i) 



frr'n' + AR 2 R'r 2 K 3 



4 (Q') 2 Rn'r 2 - 2QQ'n'r 2 - 2R 3 n 3 rr' 



-AQ 2 R' {r'f k ~ 2Q 2 rr"n - AR 2 R"n'r 2 - 2R 2 n 3 r 2 - 2 (Q'f nr 2 
+2Q 2 (r'f k - QQ'rr'n + AQQ'R {r'f k - 2Q 2 R'rr'n' + AQQ'R'rr'n 
+2QQ'Rrr'n' - A (Q'f Rrr' n + 2R 2 R"rr'n - QRR' R" nr 2 
+AQQ'Rn 3 r 2 + QQ'R'n'r 2 - 2Q 2 Rn 3 rr' + 2R 2 R"'nr 2 + 2RR"nr 2 



ir 2 + AQQ"Rrr'n - 16QQ"R'nr 2 - AQQ"Rn!r 2 + &Q'Q"Rnr 2 
-2Q 2 R"rr'n + AQ 2 R'rr"n - AQQ' Rrr" n + 2QQ'" Rnr 2 + AQQ'R"nr 2 
+k 2 t {2Qr 2 (2QQ' + 2RR' - R) - 2Q (R 2 + Q 2 ) rr'} sin(i) 



\2Q 2 Q"nr 2 + 8QR'nr 2 - 12Q (R'f nr 2 - AQ (Q'f nr 2 + 2QR 2 (r'f k 



-2Q 3 K'rr' - QRnrr' + 2QR 2 n'rr' - 2Q 3 nrr" - Qf 



2Q 3 (r') 



-AQRR'n'r 2 + 12QRR" K r 2 



1'RR'nr 2 + 2QRn'r 2 - AQ' Rnr 2 



-AQ 2 Q'n'r 2 - AQ'R 2 rr'n - 2QR 2 nrr" + AQRR'rr'n 



(2.9) 

and 

(2.10) 



n 3 = 2Qn 3 r 2 {8QR' - 8Q'R - 3Q} 



n 4 = -AQn 4 r 2 (Q 2 



R z 



The condition for II-flat requires all the coefficients rii are zero in (|2.5|) and we 
investigate the canal surfaces in non-degenerate case. From (12.101) one has n = 0. 
Thus (HU), (JUT]), flUB} and flU} turns to 



(2.11) 
(2.12) 



n 



-2Q (r'f (RR" + QQ") + 2Qrr" (QQ" + RR") 

2 f Q'RR'" - 2Q"RR" - 2Q (Q" f 
' 1 1 +Q'R'R" + QQ'Q'" + (Q'f Q" 
-rr' (QQ'Q" - QR'R" - QRR'" + 2Q'RR" - Q 2 Q" 

n\ = n,2 — TI3 = ri4 = 0. 
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The equation no = turns to the following differential equation from (|1.6|) and 
(O) 



0. 



4r 3 (r") 3 + 6r 2 (r"f ({r'f - l) 
(2.13) - rr'r'" (/ - l) 2 + r" I +2r (r") (l - 3/ + 2 (r'f) 

+ {r'f{2{r'f-(r'f-l) 

The reel solutions of (|2.13l) are r = c^0 and r(s) = ±s + c. Hence, we can state 
the following theorem. 

Theorem 6. Let M be a non-degenere canal surface with the center curve a{s) 
and the radius r(s) then M is a II-flat canal surface if the surface is a cylinder. 

The second mean curvature can be obtained by using (|1.4[) , in a polynomial 
expression of cos(i) with the computer aid such that 



Sr 2 M 3 N 2 

i=0 



where 



M = Q 2 

N = 



(Q 2 + R 2 ) k 2 cos 2 (t) + 2 (Q - QR' + Q'R) k cos (t) 



+ (Q'f + {R'f + 1-2R! 
Q 2 J (g 2 + R 2 ) k 2 cos 2 (t) + (2Q'R - 2QR! + Q) n cos (t) 



r{s) 2 \ -RR"-QQ" 

Since the functions u>i are too long then we did not give the all. There is a shortest 
one among the others for i = 10, it is 

( 2 - 15 ) «*> = ^ • 

The condition for II-minimality requires all the coefficients Wi are zero in (|2.14l) . 
From (|2.15[) one has k = 0. Thus 

wi = ... = w 1Q = 

is satisfies and from (|1.6I) and (11.71) wo turns to 

(2.16) w = r(s) 7 (r(s)r"(s) + (r' (s)f - l) W (s,t) 

where 



W(s,t) = r(r' - l) 2 (/ + i f 



2rr" 



(rr" + {r') 2 - l) r W 
-3r [2rr" + {r'f - l) (r"'f - 2 (r") s 

r>r» { r>- 1) (/ + 1) { H** 2 ^) 2 + (/) 4 + l) ? 

( +r'r" (r' - if (r' + if 

8r 2 ( r ") 2 -4r(r") (3 + (r') 2 ) 1 



+r 2 (r") 4 



-20 (r') 2 + 14(r') 4 + 6 



The solutions of (|2.16[) are r(s) = CiS + c 2 , |ci| < 1 and r(s) = s 2 — 2c\s + 2c2, 
thus, we can state the following theorem. 
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Theorem 7. Let M be a non-degenere canal surface with the center curve a(s) 
and the radius r(s) then M is a II-minimal canal surface if the surface is either a 
cylinder or a cone. 

Now, we can give the main theorem of this study. 

Theorem 8. There are no non- degenerate canal surfaces with the non-zero curva- 
ture center curve in Euclidean 3-space such that the canal surface is a flat, minimal, 
II-flat and II-minimal surface. 
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